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Abstract
Let C be a finite product of wild concealed algebras over an algebraically closed field, X and Y be finite-
dimensional C-modules, and let τC be the Auslander–Reiten translation. We give necessary and sufficient
conditions for the existence of preinjective components in the Auslander–Reiten quivers of the one-point
extension algebras C[τm
C
X ⊕ τ−m
C
Y ] for m  0.
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1. Introduction and the main result
Throughout the paper K will denote a fixed algebraically closed field. By an algebra we
mean a basic finite-dimensional K-algebra (associative, with an identity). For an algebra A,
we denote by modA the category of finite-dimensional right A-modules. By an A-module we
always mean an object of modA. Moreover, we denote by ΓA the Auslander–Reiten quiver of A
and by τA and τ−A the Auslander–Reiten translations D Tr and TrD, respectively. We identify an
indecomposable A-module with the vertex of ΓA corresponding to it.
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logical invariant of modA. Frequently, one may recover a big part of the module category modA
from the structure of connected components of ΓA. A distinguished class of Auslander–Reiten
components is formed by the preprojective and preinjective components. Recall that a connected
component C of ΓA is called preprojective (respectively, preinjective) if C has no oriented cycles
and every module in C belongs to the τA-orbit of a projective (respectively, injective) module.
It is well known that the Auslander–Reiten quiver of a connected hereditary algebra H admits
a unique preprojective component P(H) and a unique preinjective component I(H), and the
representation type of H is determined by the shape of P(H) (equivalently, the shape of I(H)).
We refer also to [6,7] for algorithmic criteria for the existence of preprojective and preinjective
components in the Auslander–Reiten quiver of an arbitrary algebra.
In the paper we are concerned with the problem of deciding when an algebra A of global
dimension two admits a preinjective component (dually, the opposite algebra Aop admits a pre-
projective component). A prominent class of algebras of global dimension at most two is formed
by the tilted algebras, that is, the endomorphism algebras EndH (T ) of (multiplicity-free) tilting
modules T over connected hereditary algebras H . By a wild concealed algebra we mean a tilted
algebra C = EndH (T ), where H is a connected wild hereditary algebra and T is a preprojec-
tive (equivalently, preinjective) tilting H -module. Recall that the Auslander–Reiten quiver ΓC
of a wild concealed algebra C consists of a unique preprojective component P(C) containing
all indecomposable projective C-modules, a unique preinjective component I(C) containing
all indecomposable injective C-modules, and a family R(C) of |K| regular components of
type ZA∞.
Let C1, . . . ,Ct be a family of wild concealed algebras and C = C1 × · · · × Ct . For each
i ∈ {1, . . . , t}, take a Ci -module Xi without indecomposable preprojective direct summands and
a Ci -module Yi without indecomposable preinjective direct summands, and assume Xi ⊕Yi = 0.
Moreover, set X =⊕ti=1 Xi and Y =⊕ti=1 Yi . For m ∈ N, consider the C-module
R(m) = τmC X ⊕ τ−mC Y,
and the one-point extension
A(m) = C[R(m)]= [K R(m)0 C
]
of C by R(m). Since the modules τmC Xi ⊕ τ−mC Yi , 1 i  t , are nonzero, A(m) is a connected
algebra. Moreover, for all but finitely many m ∈ N , the algebra A(m) is of global dimension two
(see Section 2). For m  0, A(m) might be regarded as a stabilization of the one-point extension
A(0) of C by X ⊕ Y , in the τC and τ−C directions.
The following main theorem of the paper extends the results by C. Chesné [5], O. Kerner and
A. Skowron´ski [11] and S. Lache [12].
Theorem.
(1) The following statements are equivalent:
(i) There is a natural number N such that for all m  N the Auslander–Reiten quiver of
A(m) contains a preinjective component.
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(a) Xi = 0;
(b) Yi = 0;
(c) Every simple Ci -module is preprojective or preinjective.
(2) Assume (i) holds. Then there is a natural number N ′ such that for any m  N ′, the
Auslander–Reiten quiver of A(m) contains exactly one preinjective component. This prein-
jective component is the preinjective component of the Auslander–Reiten quiver of a maximal
connected wild hereditary factor algebra H(m) of A(m), containing the primitive idem-
potent corresponding to the extension vertex, by the ideal generated by an idempotent
of A(m).
(3) Assume (i) does not hold. Then there is a natural number N ′′ such that for all m N ′′ the
Auslander–Reiten quiver of A(m) does not contain a preinjective component.
As an immediate consequence of the theorem we obtain the following facts.
Corollary. Let C be a connected wild concealed algebra having a regular simple module. Let X
and Y be nonzero regular C-modules. Then there exists a natural number m such that the
Auslander–Reiten quiver of the one-point extension C[τmC X⊕τ−mC Y ] has no preinjective compo-
nent. On the other hand, there exits a natural number N such that for all integers r with |r|N
the Auslander–Reiten quiver of C[τ r+mC X ⊕ τ r−mC Y ] has a preinjective component.
We note that the theorem and the corollary are not valid for the one-point extensions A(m) =
C[R(m)] of tame concealed algebras C (see Example 5.3).
We would like to mention that the following problem is still open: does there exist a connected
wild concealed algebra C and an indecomposable regular C-module R such that the Auslander–
Reiten quiver of the one-point extension C[R] has no preinjective component?
For basic background on representation theory we refer to the books [1,2,14] and on wild
hereditary algebras to the articles [3,8,9].
2. Wild concealed algebras
Let C be a (connected) wild concealed algebra. Then there exists a sincere complete slice Σ1
in the unique preprojective component P(C) of ΓC and a sincere complete slice Σ2 in the unique
preinjective component I(C) of ΓC . Hence there exists a connected wild hereditary algebra H1
and a preinjective tilting H1-module T1 such that C = EndH1(T1) and Σ1 consists of the images
of the indecomposable projective H1-modules by the functor Ext1H1(T1,−) : modH1 → modC.
Similarly, there exists a connected wild hereditary algebra H2 and a preprojective tilting H2-
module T2 such that C = EndH2(T2) and Σ2 consists of the images of the indecomposable
injective H2-modules by the functor HomH2(T2,−) : modH2 → modC. Therefore, all inde-
composable predecessors of Σ2 in modC have projective dimension at most one, whereas all
indecomposable successors of Σ1 in modC have injective dimension at most one. Further, the
properties of morphisms between modules in modC, which are direct sums of indecomposable
predecessors of Σ2, can be deduced from the corresponding properties of morphisms in modH2,
by the tilting functor HomH2(T2,−). Analogously, the properties of morphisms between modules
in modC, which are direct sums of successors of Σ1, can be deduced from the corresponding
properties of morphisms in modH1 by the tilting functor Ext1 (T1,−). In this way one canH1
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facts.
Proposition 2.1. Let C be a wild concealed algebra. For i ∈ {1,2}, let Ui be a nonzero prepro-
jective C-module, Ri a nonzero regular C-module, and Wi a nonzero preinjective C-module.
Then the following statements hold:
(a) dimK HomC(R1, τmC R2) grows exponentially with m ∈ N.
(b) HomC(R1, τ−mC R2) = 0 for m  0.
(c) τ−mC U1, τ−mC R1, τmC R2, τmC W1 are faithful C-modules for m  0.
(d) dimK HomC(U1, τmC R1) and dimK HomC(U1, τmC W1) grow expotentially with m ∈ N.
(e) dimK HomC(U1, τ−mC U2) and dimK HomC(U1, τ−mC R2) grow expotentially with m ∈ N.
(f) dimK HomC(τmC R1,W2), dimK HomC(τ−mC R2,W2) and dimK HomC(τmC W1,W2) grow ex-
potentially with m ∈ N.
The factorization properties for morphisms in the module categories of wild hereditary alge-
bras, established in [5,9], also hold in module categories of wild concealed algebras.
Proposition 2.2. Let C be a wild concealed algebra, V , V1 nonzero preprojective C-modules, R,
V2 nonzero regular C-modules, and W , V3 nonzero preinjective C-modules. Then the following
statements hold:
(a) Each homomorphism g :V2 → V3 factorizes through τmC R, for m  0.
(b) There exist monomorphisms Vi → τmC V3, i ∈ {1,2}, for m  0.
(c) There exist epimorphisms τ−mC V1 → Vi , i ∈ {2,3}, for m  0.
(d) Each homomorphism f :V1 → V3 factorizes through τmC R, for |m|  0.
(e) Each homomorphism f :V1 → V3 factorizes through τ−mC V , for m  0.
(f) Each homomorphism f :V1 → V3 factorizes through τmC W , for m  0.
Proof. For wild hereditary algebras, the validity of the statements (a)–(d) was shown in [9], and
the validity of (e) in the proof of [5, Proposition 1.4]. Therefore, invoking the tilting functors
HomH2(T2,−) and ExtH1(T1,−), we deduce that the statements (a)–(c) hold for C. Similarly,
the statements (d) and (e) hold for C if all indecomposable direct summands of V1 are successors
of the slice Σ1 of P(C). Assume V1 admits an indecomposable direct summand U1 which is a
proper predecessor of Σ1 and let h :U1 → V3 be the restriction of a homomorphism f :V1 → V3
to U1. Then, for a direct sum M of modules on Σ1, there are homomorphisms h1 :U1 → M and
h2 :M → V3 with h = h2h1. It follows from the above remarks that h2 has the required properties
(d) and (e), and consequently h = h2h1 has these properties. Applying the above arguments to
all indecomposable direct summands of V1 which are proper predecessors of Σ1, we conclude
that (d) and (e) hold. The proof of (f) is dual. 
As an immediate consequence of Propositions 2.1 and 2.2 we obtain the following facts (com-
pare [5]).
Corollary 2.3. Let C be a wild concealed algebra, X a nonzero C-module without indecom-
posable preprojective direct summands and Y be a nonzero C-module without indecomposable
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N(h,h′) such that for all mN(h,h′) the following statements hold:
(a) τm−1C X and τ−m+1C Y are direct sums of indecomposable modules which are successors of
Σ1 and predecessors of Σ2.
(b) dimK HomC(τmC X,S) h for all preinjective simple C-modules S, and HomC(τmC X,S′) =
0 for all preprojective or regular simple C-modules S′.
(c) dimK HomC(τ−mC Y,S)  h for all regular or preinjective simple C-modules S, and
HomC(τ−mC Y,S′) = 0 for all preprojective simple C-modules S′.
(d) Ext1C(τmC X,S) = 0 for all preinjective simple C-modules S, and dimK Ext1C(τmC X,S′)  h′for all preprojective or regular simple C-modules S′.
(e) Ext1C(τ−mC Y,S) = 0 for all regular or preinjective simple C-modules S, and
dimK Ext1C(τ
m
C X,S
′) h′ for all preprojective simple C-modules S′.
(f) For any preprojective or regular simple C-module S, every morphism from τ−C S to the injec-
tive envelope IC(S) of S in modC factorizes through τmC X.
(g) For any preprojective simple C-module S, every morphism from τ−C S to the injective enve-
lope IC(S) of S factorizes through τ−mC Y .
(h) τmC X and τ−mC Y are sincere C-modules.
Let A be a connected algebra. Since, by our general assumption, A is basic, A is isomorphic
to a bound quiver algebra KQ/I , where KQ is the path algebra of the ordinary (Gabriel) quiver
Q = QA of A and I is an admissible ideal in KQ. Recall that the set Q0 = {1, . . . , n} of vertices
of Q is given by a complete set S1, . . . , Sn of pairwise nonisomorphic simple A-modules, and
the number of arrows from i to j is equal dimK Ext1A(Si, Sj ). Moreover, the admissible ideal I
is generated by a minimal finite set R= {1, . . . , r} of relations, each i is a linear combination
of paths in Q having a common starting and a common ending vertex. Moreover, K. Bongartz
proved in [4] that, for i, j ∈ Q0, the number of relations in R starting from i and ending in j is
equal dimK Ext2A(Si, Sj ).
The following lemma gives information on the starting and ending vertices of relations of the
bound quivers of wild concealed algebras.
Lemma 2.4. Let C be a wild concealed algebra, and i, j be vertices of Q with Ext2A(Si, Sj ) = 0.
Then Si is preinjective and Sj is preprojective.
Proof. Let Pi be the projective cover of Si in modC and Ri the radical of Pi . Then we have the
canonical exact sequence
0 −→ Ri −→ Pi −→ Si −→ 0,
and consequently Ext1C(Ri, Sj ) ∼= Ext2C(Si, Sj ). But, by the Auslander–Reiten formula, we have
Ext1C(Ri, Sj ) ∼= DHomC(Sj , τCRi). Hence Ext1C(Ri, Sj ) = 0 implies HomC(Sj , τCRi) = 0.
Since Ri , and hence τCRi , lies in P(C), we conclude that Sj is preprojective. The proof that
Si is preinjective is dual. 
Remark. Let A be a wild tilted algebra with three simple modules, which is not hereditary. Then
there exists a unique simple projective A-module S1 and a unique simple injective A-module S3,
632 O. Kerner et al. / Journal of Algebra 301 (2006) 627–641and consequently all relations for A start at the vertex 3 and end at the vertex 1, even if A is not
concealed.
Lemma 2.5. Let C be a wild concealed algebra and R be a C-module all whose indecomposable
direct summands are predecessors of the slice Σ2 of I(C). Then the one-point extension C[R]
of C by R has global dimension at most 2.
Proof. Since R has projective dimension at most one, the new simple C[R]-module Sω, cor-
responding to the extension vertex ω, has projective dimension at most two. All the remaining
simple C[R]-modules are C-modules of projective dimension at most two in modC as well as
in modC[R]. Therefore, C[R] is of global dimension at most two. 
3. Injective modules
Let C1, . . . ,Ct be a family of wild concealed algebras and C = C1 × · · · × Ct . The quiver
QC of C is the disjoint union of the quivers Qi = QCi of Ci . For each i ∈ {1, . . . , t}, let Xi
be a Ci -module without indecomposable preprojective summands, Yi be a Ci -module without
indecomposable preinjective direct summands, and assume Xi ⊕ Yi = 0. Let X = X1 ⊕ · · · ⊕Xt
and Y = Y1 ⊕ · · · ⊕ Yt . For m ∈ N, let A(m) be the one-point extension C[R(m)] of C by
the C-module R(m) = τmC X ⊕ τ−mC Y . Then the quiver Q(m) = QA(m) of A(m) contains the
quiver QC as a full convex subquiver and has one additional extension vertex ω which is a
source.
Take h = dimK C, h′ = h2 + 1, and N = N(h,h′) such that the statements of Corollary 2.3
are satisfied for C, X, Y and all mN .
Fix mN , and set A = A(m), Q = QA. For each vertex j of Q, we denote by Sj the simple
A-module at j , and by Pj and Ij the projective cover and the injective envelope of Sj in modA,
respectively. Moreover, let Rj = radPj and Vj = Ij /Sj . For i ∈ {1, . . . , t}, we define
Si =
{
j ∈ Qi | Sj ∈ I(Ci)
}
, if Xi = 0,
and
Si =
{
j ∈ Qi | Sj ∈R(Ci)∪ I(Ci)
}
, if Xi = 0.
Moreover, let Ti = (Qi)0 \ Si , and
S =
⋃
1it
Si and T =
⋃
1it
Ti .
We know from Lemma 2.4 that each wild concealed algebra Ci is a bound quiver algebra
of the quiver Qi = QCi by an admissible ideal generated by relations starting from vertices
corresponding to the simple preinjective Ci -modules and ending at vertices corresponding to the
simple preprojective Ci -modules. Moreover, from the exact sequence
0 −→ Rω −→ Pω −→ Sω −→ 0,
with Rω = R(m) = τmX ⊕ τ−mY , we get for any vertex a of QC isomorphismsC C
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(
R(m),Sa
)
,
Ext2A(Sω,Sa) ∼= Ext1C
(
R(m),Sa
)
.
Hence, in the bound quiver for A = A(m), we have dimK HomC(R(m),Sa) arrows from ω to a,
and dimK Ext1C(R(m),Sa) relations starting from ω and ending at a.
Applying Corollary 2.3 (compare with [5, Lemma 1.2]) we obtain the following additional
information on the bound quiver describing A = A(m) (for the fixed mN(h,h′)).
Lemma 3.1. The following statements hold:
(a) The quiver Q contains at least h arrows from ω to each vertex j ∈ S .
(b) If either Xi = 0 or Yi = 0, then there are no arrows in Q from ω to a vertex of Ti .
(c) If Xi = 0 and Yi = 0, then there are at least h arrows from ω to each vertex j ∈ Ti with Sj
regular Ci -module.
(d) Each vertex of T is the ending vertex of at least h′ relations starting from ω.
(e) There is no relation starting from ω and ending at a vertex in S .
Remark. If Xi = 0 and Yi = 0 and Sj is a regular Ci -module, then there are at least h arrows
and at least h′ relations, starting from ω and ending at j .
For each j ∈ T , consider a decomposition Vj = Ij /Sj = Zj ⊕ Srjω , where rj  0 and Zj has
no direct summand isomorphic to Sω. We note that, if j ∈ Ti then rj = 0 if Sj is a preprojec-
tive Ci -module or Sj is a regular Ci -module and Yi = 0. Recall also that an indecomposable
A-module M is called nondirecting if there is a cycle in modA
M = L0 f0−→ L1 −→ · · · −→ Ls−1 fs−1−→ Ls = M,
where L0, . . . ,Ls are indecomposable modules and f0, . . . , fs−1 are nonzero and nonisomor-
phisms.
A prominent role in the proof of our main theorem will be played by the following proposition.
Proposition 3.2. For j ∈ T the following statements hold:
(a) Ext1A(Zj ,Zj ) = 0.
(b) Ij is nondirecting.
Proof. Observe first that (a) implies (b). Indeed, if Ext1A(Zj ,Zj ) = 0 then
HomA(Zj , τAZj ) = 0, and consequently HomA(U, τAV ) = 0 for some indecomposable direct
summands U and V of Zj . Then we have in modA a cycle U → τAV → Ij → U , if U  τAV ,
or a cycle U → Ij → U , if U ∼= τAV . Therefore, the indecomposable injective A-module Ij is
nondirecting.
In order to prove (a), fix j ∈ T and consider the commutative diagram in modA with exact
rows and columns
634 O. Kerner et al. / Journal of Algebra 301 (2006) 627–6410
0 0 Srjω
0 Sj Ij Zj ⊕ Srjω 0
0 Mj Ij Zj 0
S
rj
ω 0 0
0
We note that rj  1 only if j ∈ Ti for i ∈ {1, . . . , r} with Xi = 0, Yi = 0 and Sj a regular Ci -
module (see Lemma 3.1). Then Sω and Mj are representations of the generalized Kronecker
quiver
ω ...
j
consisting of rj  h arrows. Since Mj is an injective representation of this quiver, we then have
Ext1A(Sω,Mj ) = 0. Further, for rj = 0, we have Mj = Sj , and then again Ext1A(Sω,Mj ) = 0,
because by Lemma 3.1(b) there are no arrows from ω to j .
From the low exact sequence of the above diagram we obtain the exact sequence
0 = Ext1A(Zj , Ij ) −→ Ext1A(Zj ,Zj ) −→ Ext2A(Zj ,Mj ) −→ Ext2A(Zj , Ij ) = 0,
and hence Ext1A(Zj ,Zj ) ∼= Ext2A(Zj ,Mj ). We will show that Ext2A(Zj ,Mj ) = 0.
Denote by ZjC the largest C-submodule of the A-module Zj . Then we have a canonical short
exact sequence
ηj : 0 −→ ZjC −→ Zj −→ Sljω −→ 0.
We claim that lj  1. For the ω-coordinate of the dimension vector dim Ij of Ij we have
(dim Ij )ω = dimK HomA(Pω, Ij ) = (dimPω)j
= (dim radPω)j =
(
dim
(
τmC X ⊕ τ−mC Y
))
j
 1 + rj .
Indeed, if rj = 0 then the inequality holds because, by our choice of N , the C-module
τmX ⊕ τ−mY is sincere. If rj = 0 and j ∈ Ti , then the Ci -module τmXi is sincere, and henceC C Ci
O. Kerner et al. / Journal of Algebra 301 (2006) 627–641 635(dim τmC X)j = (dim τmCiXi)j  1. Moreover, in this case, we have rj = dimK HomC(τ−mC Yi, Sj ),
and hence (dim τ−mC Y)j = (dim τ−mC Yi)j  rj . Therefore, we obtain
lj = (dimZj)ω = (dim Ij )ω − rj  1.
The short exact sequence
ξj : 0 −→ Sj −→ Mj −→ Srjω −→ 0,
from the left column of the commutative diagram, induces the exact sequence
HomA
(
ZjC,S
rj
ω
)−→ Ext1A(ZjC,Sj ) −→ Ext1A(ZjC,Mj ) −→ Ext1A(ZjC,Srjω ).
Clearly, Ext1A(ZjC,S
rj
ω ) = 0 because Sω is injective. Moreover, ZjC is a C-module, and hence
HomA(ZjC,S
rj
ω ) = 0. Therefore we get
Ext1A(ZjC,Mj ) ∼= Ext1A(ZjC,Sj ) ∼= Ext1C(ZjC,Sj ).
We note that dimK Ext1C(ZjC,Sj ) is dependent on the choice of mN .
The exact sequence ξj induces also the exact sequence
0 = Ext1A
(
S
lj
ω , S
rj
ω
)→ Ext2A(Sljω , Sj )→ Ext2A(Sljω ,Mj )→ Ext2A(Sljω , Srjω )= 0,
and hence
Ext2A
(
S
lj
ω ,Mj
)∼= Ext2A(Sljω , Sj ).
Applying HomA(−,Mj ) to the exact sequence ηj we obtain the following exact sequence
Ext1A
(
S
lj
ω ,Mj
)−→ Ext1A(Zj ,Mj ) −→ Ext1A(ZjC,Mj ) −→ Ext2A(Sljω ,Mj )
−→ Ext2A(Zj ,Mj ) −→ Ext2A(ZjC,Mj ) −→ Ext3A
(
S
lj
ω ,Mj
)
.
If follows from our choice of N that A is of global dimension at most two, and hence
Ext3A(S
lj
ω ,Mj ) = 0. Moreover, we proved above that Ext1A(Sω,Mj ) = 0, and hence
Ext1A(S
lj
ω ,Mj ) = 0. Hence we obtain
dimK Ext2A(Zj ,Mj ) = dimK Ext2A(ZjC,Mj )+ dimK Ext2A
(
S
lj
ω ,Mj
)
− dimK Ext1A(ZjC,Mj )+ dimK Ext1A(Zj ,Mj )
 dimK Ext2A
(
S
lj
ω ,Mj
)− dimK Ext1A(ZjC,Sj )
= dimK Ext2A
(
S
lj
ω , Sj
)− dimK Ext1C(ZjC,Sj )
 dimK Ext2A(Sω,Sj )− dimK Ext1C(ZjC,Sj ).
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dimK C, we obtain that
dimK Ext1C(ZjC,Sj ) (dimK C)2 = h2.
On the other hand, it follows from the choice of N = N(h,h′) that
dimK Ext2A(Sω,Sj ) h′ = h2 + 1.
Hence, we have dimK Ext2A(Zj ,Mj ) h′ − h2 = 1. Therefore, Ext2A(Zj ,Mj ) = 0, and this fin-
ishes the proof. 
Recall that an A-module M is called a brick if EndA(M) ∼= K . Obviously every brick is
indecomposable.
Proposition 3.3. Assume that for any i ∈ {1, . . . , t} one of the following conditions holds:
(a) Xi = 0;
(b) Yi = 0;
(c) every simple Ci -module is either preprojective or preinjective.
Then for any j ∈ T the module Vj = Ij /Sj is a brick.
Proof. It follows from our assumption and Lemma 3.1 that the quiver of Q has no arrows starting
from ω and ending at vertices of T . The proof is a small modification of the proof of part (a) in
[5, Proposition 1.4]. For the convenience of the reader we will outline the main arguments.
Fix j ∈ T . We note that in our case we have Vj = Zj . Applying HomA(Ij ,−) to the canonical
short exact sequence we get the exact sequence
0 −→ HomA(Ij , Ij ) −→ HomA(Ij ,Vj ) −→ Ext1A(Ij , Sj ) −→ · · · .
We will show that Ext1A(Ij , Sj ) = 0. Observe that then
K ∼= HomA(Ij , Ij ) ∼= HomA(Ij ,Vj ),
and consequently EndA(Vj ) ∼= K . From the Auslander–Reiten formula we have an isomorphism
Ext1A(Ij , Sj ) ∼= D Hom(τ−A Sj , Ij ).
Further, we have
HomA
(
R(m),Sj
)∼= HomC(R(m),Sj )∼= Ext1A(Sω,Sj ) = 0,
because there are no arrows in Q from ω to j . Then applying [14, (2.5)] we deduce that
τ−A Sj = τ−C Sj .
Let IjC be the maximal C-submodule of the injective A-module Ij . Observe that IjC is
the injective envelope of Sj in modC. Let e : IjC → Ij be the canonical monomorphism. Let
f : τ−Sj → Ij be a nonzero morphism in modA. Then f = eg for some g : τ−Sj → IjC. SinceC C
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choice of N that, for mN , the morphism g factorizes through the radical R(m) of Pω , and so
g = vu for some morphisms u : τ−C Sj → R(m) and v :R(m) → IjC. Then f = eg = evu. Since
Ij is injective in modA, we have also ev = he′ for the canonical embedding e′ :R(m) → Pω
and some morphism h :Pω → Ij . Hence f = he′u factorizes through the projective module Pω,
and so f = 0. Therefore, HomA(τ−A Sj , Ij ) = HomA(τ−C Sj , Ij ) = 0, and we obtain the required
property Ext1A(Ij , Sj ) = 0. 
4. Proof of the theorem
(1) Assume (i) holds. We show first that then there exists N ′  N such that for all m  N ′
the Auslander–Reiten quiver of A(m) contains exactly one preinjective component. Indeed, take
h = dimK C, h′ = h2 + 1, N(h,h′) as in Corollary 2.3, and N ′ = max(N,N(h,h′)). Let j be
a source of the quiver Q = QC of C. Then the associated simple injective C-module Sj is
preinjective and hence j ∈ S . Then, it follows from Lemma 3.1 that there are at least h arrows
from ω to j . This shows that for m  N ′ the extension vertex ω is the unique source of the
quiver Q(m) = QA(m) of A(m). But then the connected component of ΓA(m) containing the
simple module Sω is the unique preinjective component of ΓA(m).
Suppose now that the statement (ii) does not hold. Then there is i ∈ {1, . . . , t} such that Xi = 0,
Yi = 0, and there is a regular simple Ci -module Sj . Then the vertex j belongs to Ti . Take mN ′.
Applying Lemma 3.1 we then conclude that the quiver Q(m) contains at least h arrows from ω
to j . Hence there are in ΓA(m) arrows from Ij = IA(Sj ) to Sω, and consequently Ij belongs
to the unique preinjective component of ΓA(m). In particular, Ij is a directing module. But this
contradicts Proposition 3.2. Therefore, (i) implies (ii).
Assume now that (ii) holds. Let ei , i ∈ QC , be the family of orthogonal primitive idempotents
of C whose sum is the identity of C. Take N = N(h,h′) as above satisfying the statements of
Corollary 2.3, and m  N . Then, by Lemma 3.1, all relations (in the bound quiver describing
A = A(m)) starting from ω end at the vertices of T . Moreover, we know that all relation in the
bound quiver describing C have ends at the vertices corresponding to the preprojective simple
C-modules, and hence at the vertices of T . Therefore, the factor algebra
H(m) = A(m)/A(m)eA(m),
where e =∑i∈T ei , is a hereditary algebra. Observe also that H(m) is a connected wild heredi-
tary algebra because for any vertex j in S there are at least h 3 arrows from ω to j . Moreover,
applying again Lemma 3.1, we conclude that every vertex of T is the ending vertex of at least
h′ = h2 + 1 relations starting from ω. Therefore, H(m) is the maximal hereditary factor algebra
of A(m) by an ideal generated by an idempotent of A(m), and containing the primitive idempo-
tent eω corresponding to the vertex ω. Since H(m) is a connected wild hereditary algebra, the
Auslander–Reiten quiver ΓH(m) contains a unique preinjective component I(H(m)), contain-
ing all indecomposable injective H(m)-modules. Observe also that the indecomposable injective
H(m)-modules are injective A(m)-modules, because QH(m) is a full convex subquiver of QA(m)
which is closed under predecessors. We claim that I(H(m)) is also a preinjective component
of ΓA(m). We know from Lemma 3.1 that there are no arrows in QA(m) starting from ω and
ending at vertices of T . Therefore, the Auslander–Reiten sequence
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⊕
j∈S
I
αj
j −→ Sω −→ 0,
where αj  h is the number of arrows from ω to j and Ij is the injective envelope of Sj in
modH(m) (equivalently, in modA(m)), is an Auslander–Reiten sequence in modA(m).
Suppose I(H(m)) is not a component of ΓA(m). Then there exists a natural number l, an in-
decomposable injective H(m)-module I , an indecomposable A(m)-module M which is not in
modH(m), and an irreducible morphism M → τ lH(m)I or τ lH(m)I → M . We may choose l min-
imal with this property. We know from Propositions 3.2 and 3.3 that, for any j ∈ T , Vj = Ij /Sj
is a brick (hence indecomposable) with Ext1A(Vj ,Vj ) = 0. On the other hand, similarly as in
[5, p. 390], we infer that M is an indecomposable injective A-module Ij with j ∈ T , and
there is an irreducible morphism M → τ lH(m)I . Hence τ lH(m)I ∼= Vj . But this is impossible be-
cause τ lH(m)I belongs to the preinjective component I(H(m)) and then Ext1A(τ lH(m)I, τ lH(m)I ) =
Ext1H(m)(τ
l
H(m)I, τ
l
H(m)I ) = 0. Therefore, indeed I(H(m)) is the required preinjective compo-
nent of ΓA(m). Hence, (ii) implies (i).
The validity of (2) and (3) follows from the above discussion.
5. Examples
In this section we present examples illustrating our considerations.
Example 5.1. Let H be the path algebra of the quiver
1
2 3 4 5 6
We denote (as above) by Pi the projective cover of the simple H -module Si at the vertex i. Let
T1 be the preprojective tilting H -module
T1 = P1 ⊕
( 6⊕
i=2
τ−HPi
)
.
Then the concealed algebra C1 = EndH (T1) is the path algebra of the quiver Q1 of the form
1
2 3 4 5 6
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the preprojective tilting H -module
T2 = P1 ⊕ P2 ⊕ P3 ⊕
(
⊕6i=4τ−HPi
)
.
Then the concealed algebra C2 = EndH (T2) is the path algebra of the quiver Q2 of the form
4 5 6
1
2 3
Note that S1 is the unique regular simple C2-module.
Let X and Y be nonzero regular H -modules. Then
X1 = HomH (T1,X) and Y1 = HomH (T1, Y )
are nonzero regular C1-modules, and
X2 = HomH (T2,X) and Y2 = HomH (T2, Y )
are nonzero regular C2-modules.
Then for m  0 the following facts hold:
(a) The Auslander–Reiten quiver of A(m) = H [τmHX ⊕ τ−mH Y ] has a unique preinjective com-
ponent, containing two indecomposable injective modules.
(b) The Auslander–Reiten quiver of A1(m) = C1[τmC1X1 ⊕ τ−mC1 Y1] has a unique preinjective
component with six indecomposable injective modules.
(c) The Auslander–Reiten quiver of A2(m) = C2[τmC2X2 ⊕ τ−mC2 Y2] has no preinjective compo-
nent.
Moreover, we note that T̂1(m) = T1 ⊕ Pω and T̂2(m) = T2 ⊕ Pω , where Pω is the projective
cover of the unique simple injective module Sω in modA(m), are tilting A(m)-modules with
EndA(m)(T̂1(m)) ∼= A1(m) and EndA(m)(T̂2(m)) ∼= A2(m), and that T̂1(m) and T̂2(m) induce
splitting torsion pairs in modA(m).
Example 5.2. Let H be the path algebra of wild star (wild quiver with a unique sink) with
n+ 1 vertices, and R be an indecomposable regular H -module such that the one-point extension
Λ = H [R] is a wild canonical algebra (in the sense of [14]). We note that the Auslander–Reiten
quiver ΓΛ of Λ admits a unique preprojective component P(Λ) = P(H) containing n + 1 pro-
jective modules and a unique preinjective component I(Λ) = I(H op) containing n+ 1 injective
modules. Take a number r ∈ {1, . . . , n}. It is easy to see that there is an orientation of the un-
derlying graph Δ of the star defining H such that the associated path algebra Hr is a concealed
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H -module with Hr = EndH (Tr) and Rr = HomH (Tr ,R) the associated indecomposable reg-
ular Hr -module. Then, for m  0, the one-point extension Λr(m) = Hr [τmHrRr ] has a unique
preinjective component containing exactly r + 1 injective modules. Moreover, it follows from
[12, Theorem 1] and [10, Theorem 1] that these algebras Λr(m) are for m  0 concealed canon-
ical algebras of type Λ.
Example 5.3. Let A be the bound quiver algebra KQ/I given by the quiver Q of the form
1 3
α
σ
5
ξ
η
2 4
β
γ
and the ideal I in the path algebra KQ of Q generated by ξσ and ηγ . Denote by C the path alge-
bra KΔ of the full convex subquiver Δ of Q given by the vertices 1, 2, 3, 4. Then C is a connected
tame hereditary algebra of Euclidean type A˜3 = A˜2,2 with two simple projective (hence prepro-
jective) modules S1 and S2, and the remaining two simple modules S3 and S4 injective (hence
preinjective). Moreover, A is the one-point extension C[X⊕Y ] of C by the direct sum of two in-
decomposable regular C-modules X and Y lying on the mouth of a stable tube T of rank 2 in ΓC
such that τCY = X and τCX = Y . Then, for any m ∈ N, we have R(m) = τmC X⊕ τ−mC Y = X⊕Y
and A(m) = C[R(m)] = A. On the other hand, it is known that A is a one-parametric string al-
gebra whose Auslander–Reiten quiver ΓA consists of the preprojective component P(C) of C,
all stable tubes of ΓC except T , and a component Ω formed by the modules of the tube T , the
modules of the preinjective component I(C) of C and all indecomposable A-modules having
the simple module S5 as composition factor. In fact, Ω is obtained from a stable component of
type ZA∞∞ by deleting a finite number of vertices, in order to insert all indecomposable injective
A-modules and the indecomposable projective A-module P5 (compare [13, p. 271]). Therefore,
ΓA has no preinjective component.
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